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Abstract. In this paper we study the Cauchy problem for one multidimensional compressible 
nonlocal model of the dissipative quasi-geostrophic equations. First, we obtain the local existence 
and uniqueness of the smooth non-negative solution or the strong solution in time. Secondly, 
for the sub-critical and critical case 1 < q < 2, we obtain the global existence and uniqueness 
results of the nonnegative smooth solution. Then, we prove the global existence of the weak 
solution for < a < 2 and v > 0. Finally, for the sub-critical case, we establish the global 
and L^,p > 2, decay rate of the smooth solution as t ^ oo. 
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§1 Introduction and main results 

In this paper, we study the following Cauchy problem for one multidimensional compressible 
nonlocal model of the dissipative quasi-geostrophic equations: 

{dte + div{ue) + iy{-A)^e = 0, xeM^,i>0, 
u = 7^0 = (7^l0,7^20,••• ,7^w0), (i.i) 
0{x,Q) = 0o{x). 

where 9 : M.^ — > M is a scalar function of x and t, representing potential temperature, u{x, t) is 
the velocity field of fluid given by the Riesz transform u = TZd = [TZid, TZ20, ■ ■ ■ , TZnO), defined 

by 

t) = j:^P-V- 1 z = 1, 2, . . . , TV. 

V > Q \s the dissipative coefficient and > 1. We denote A" = (— A)^, which is defined by 
the Fourier transform i^(A") — A)^) |^|". Moreover, for < a < 2, A"0 is given (see 
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e.g. [HIlO]) by 

A-eix) = C^P.V. [ ^M^4(gdy,xGR^ (1.2) 

jk« \x ~ y\ 

and, especially, A0 is given by 

Ae{x) = C{N)P.V. f ^-M—^lldy = divTZd{x), x e R^. (1.3) 
Jr« \x - y|^^+^ 

One particular leature ol system (jl.ip is the relation with the dissipative quasi-geostrophic equa- 
tions [12], which is easily derived by changing the incompressible velocity field u = {—TZ20, Ti-iO) 
of surface QG equations into the compressible velocity field u = {TZi9,TZ2d) for iV = 2. The 
system (jl.ip with iV = 1 and > was displayed by Baker et al in [5] as a one-dimensional 
model of the 2D Vortex sheet problem, and was further investigated by D. Chae, et al [TU] and 
Castro and Cordoba |8j and global existence, finite time singularities and ill-posedness was dis- 
cussed therefore by using the theory of complex-value partial differential equations. However, 
the methods used by D. Chae, et al [10] and Castro and Cordoba [8 can not be applied to the 
present multidimensional problem. Hence, the main purpose of this paper is that we extend 
the results for the ND model (|l.ip with = 1 given by D. Chae, et al [T^ and Castro and 
Cordoba to the general ND model (|l.ip for TV > 1 by using completely different methods. 

It should be pointed out that some multidimensional models related to the dissipative or 
inviscid quasi-geostrophic equations have been studied by many authors. P. Balodis and A. 
Cordoba [3] discuss the blow-up problem for a class of nonlinear and nonlocal transport equa- 
tions by using an inequality for Riesz transforms. A. Castro, D. Cordoba et al [^ study heat 
transfer with a general fractional diffusion term of incompressible fiuid in a porous medium gov- 
erned by Darcy's law and obtain local and global wellposedness for the strong or weak solutions 
and the existence of the global attractor for the solutions. The global existence and finite time 
blow-up problems for the aggregation equations are studied in [211 1221 121] for some different 
singular potentials. Recently, a porous medium equation with nonlocal diffusion effects given 
by an inverse fractional Laplacian operator, i.e, 

dtu = \/ ■ {uVp),p = {-Ayu, < s < 1, (1.4) 
is studied by L. Caffarelli and L. Vazquez [71. The existence of the global weak solution for the 
nonnegative and bounded initial data function with compact support or fast decay at infinity 
is proven. The existence and uniqueness of the local or global smooth solution remain open. 
Notice that the model (|1.4|) with s = ^ have a different sign from the ND model (jl.ip . We will 
show that the local or global existence of smooth solutions in time depends heavily upon the 
sign of the solutions or the sign of initial data. In particular, if the initial data u(t = 0) < 
is a smooth function, then the model (II. 4p with s — ^ and initial data u{t — 0) has a smooth 
solution locally in time. 

In this paper, we will investigate the general multidimensional compressible nonlocal flux 
()1.1|) for the case 0<a<2,i/>0 and for the nonnegative initial data. Here the case a = 1 is 
called the critical case, the case 1 < a < 2 is so-called sub-critical one and the case < a < 1 
is super-critical one. Roughly speaking, the critical and super-critical cases are mathematically 
harder to deal with than the sub-critical case. 
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We now state our main results. First, we give the following local existence result for the 
smooth solution to the system with i' > 0. 

Theorem 1.1 Let < a < 2 and > 0. Assume that the initial data Oq > and Oq G 
_ff'*(R^) for some positive integer s > ^ + 1. Then U.l]) has a unique smooth solution 9 G 
Ci[0,T*)-H^iR^))f]C\[0,T*y,H--\R^)), defined on [0,T*), T* = T(I|0olkMR")) > » 
the maximal existence time. Moreover, ifT* < oo, then 

[ \\e{;t)\\H^dt=CX 

Jo 

or ^ 

[ (||A0||ioo + llV^lltoo + \\Vu\\L^)dt = oo. 
Jo 

Remark 1.2 The assumption that > Q in Theorem \1.1\ vlavs a key role in obtaining local 
existence results on the smooth solution to the system (jl.ll) . // we remove this assumption, in 
particular, we assume that the initial data 6q changes its sign in M.^ , we can not get the local 
existence of the smooth solution to the system (jl.ip by using the method used in the proof of 
Theorem \l.l\ This will be discussed in the future. 

If > and < a < 2, then we can obtain the local existence results on the strong solution to 
the system 

Theorem 1.3 Let < a < 2 and > 0. Assume that do e LP(M^) with p > I. Then there 
exists a time T > such that the system il.l]) has a solution 9, defined in [0,T], satisfying 
9 G Li{[0,T];LP{R^)) for any q>l. 

Further, assume that 9o G V[^''^(K^) with I > l,p > 1. Then there exists a time T > such 
that the system U.l\) has a solution 9, defined in [0,r], satisfying d^9 G L'^([0, T]; ^^(IR^)) for 
any q > I and < \/3\ < I. 

Secondly, for the sub-critical case 1 < a < 2 and > 0, we have the following global existence 
and uniqueness results on strong or smooth solution to the system (II. 

Theorem 1.4 Let 1 < a < 2 and > and suppose that 9o > 0. 

(i) IfOo G i/2(M^) n LP(]R^)(p > ■^), then there exists a unique global solution 9 to jfTl]} 

satisfying 9 G Ci[0,oo); H^{R^)). 

(ii) If9o G i7*(K^) n LP(K^)(s > 0,p > ■^), then there exists a unique global solution 9 to 

JiJ]) satisfying 9 G C([0, oo); iJ^(R^)). 

For the critical case a = 1, we have the following regularity result. 

Theorem 1.5 Let 9{x,t) be a solution to system il.l}) . Then 9 verifies the level set energy 
inequalities, i.e., for every A > 

[ 9l{t2,x)dx + 2 [ [ \Ahxfdxdt< [ 9l{ti,x)dx, < ti < t2, (1.5) 

JR" Jti JR" JR" 

where 9\ = [9 — A)_|-. It yields that for every to there exists 7 > such that 9 is bounded in 
C-'{[to,oo) X M^). 



4 



For the super-critical case < a < 1, we have the following global existence results on weak 
solutions. A similar result holds for the case 1 < a < 2. 

Theorem 1.6 Let T > be arbitrary. For every 0o e L'^{R^),eo > and < a < 2, then 
there exists at least one weak solution of the system il.l}) . satisfying 

e e L°°{[0,T];L\R^))nL\[0,T];H^{R^)). (1.6) 

Because the weak solution in Theorem 11.61 is not unique, we try to give a unique criterion on 
weak solution. We have the following regularity result for 1 < a < 2. 

Theorem 1.7 Let T > be arbitrary. For every e L'^{R^),6o > and I < a < 2, 
there exists a unique solution of such that 9 e L°°(0, T; L2(M^)) n L2(0, T; ijt (M^)) n 

i''(0,r;i«(R^))/org> ^ a„rfi + J^ = l_i. 

For the sub-critical case a G (1,2], we have the following decay rate for the global solution. 

Theorem 1.8 Let a e (1,2] and N > 2. Assume that Oq > 0,6*0 G L2(R^) n ^^(R^) and 
A6q £ L^(R^). Then the solution 9{x,t) to the problem have the following decay rate in 

time: 

(i) 

||0(t)|U. <C(l-|-t)-^(^^^^-); (1.7) 

(ii) 

PmLp <Cil + tr^,p>2; (1.8) 

(iii) 

||V0(i)|U^ <C(l + i)-5(^^^-^). (1.9) 
Here C is a positive constant and e is sufficiently small positive constant. 

We also mention that, for the incompressible quasi-geostrophic equations and the related mod- 
els, there are a lot of results on the existence, uniqueness and the regularity (see [T51 [TTl [Tni 
[3 [301 1311 122] and therein references) . Nonlinear evolution problems involving the fractal 
Laplacian describing the anomalous diffusion, called the a-stable Levy diffusion, have been ex- 
tensively studied in the mathematical and physical literature (see [ini [H] [321 EH H] and therein 
references). 

Before ending this section, we give some preliminary Lemmas and recall some properties of 
the fractional operator A°, which will be used later. 

First, we need the following basic calculus inequality (see [TTl [28] V 

Lemma 1.9 For s > 1 and 1 < r < p < oo, 

||a^(™)IIl.- < Ci\\uh4^^vh. + ||t'|U.||A^^.|U,), (1-10) 

l|A^(/.g) - fA'gh^ < C(|| V/|U^ IIA^-iylU^ + llslk- I|AVIIl=) (I-H) 
where - - ^ - and C is a constant. 

pgr 



5 



We also need the following inequality for the Riesz potential (see [27]). 

i = i + _ 



Lemma 1.10 Assume 1 < q < p < +oo, < 6 < N and - = - + 4t. Then there exists a 



constant C > such that 

\\A-'f\\L.<C\\fh.. (1.12) 

Secondly, we recall the following point-wise estimate and positive Lemma (see [T31 [201 IS] ) • 

Lemma 1.11 Let s e [0,2], /3 > -1 and 9 e S{n), when n = M^. Then the following 
point-wise inequality holds: 

\e{x)feix)A''e{x) > ^Ayix)f+^. (i.is) 

Lemma 1.12 Suppose that s e [0, 2],x G and 6',A"0 e LP, with p e (l,+oo). Then 



[ \6\P-^6K'6dx>- [ {K^\e\^^dx>Q. 



(1.14) 



Next, we recall the basic properties of the fractional operator A" (see [27]) and the Riesz 
transform. 

Lemma 1.13 

(i) AV = VA; 

(m) A"A'3=A"+'^; 

(m) C-^\\Vf\\L2 < IIA/IU2 <C||V/|U2; 

(iv) \\nf\\Lp <C\\f\\Lp,l<P<^ 
for some positive constant C . 

Finally, we also give another property of the Riesz transform and its proof. 

Proposition 1.14 Let (p be a continuous function on R^. For any f G S{M.'^){S{M.^)is the 
Schwartz class on R^), we have 

0(.)/(.)7^/(.)d. = % / / ^^-f^^^%-f'h i^)md^dy. (1.15) 
2 Jri^ Jr« \x-yy''+^ 

where C'n = (27r)-^. 

Proof . Denote l{x) = Cn f ^^^^^§^dy, F,{x) = ^{x)f{x)Ux) and f{x) = 

sup \f^{x)\ . It follows from the singular integral theory of Calderon-Zygmund [15] that 

e>0 

fe{x) 7^/(x), for a.e. a; e R^ 

and 

I/IIlp(R«) < C'pII/IIlp(R")- 

Therefore, we have Fg(x) — > (j){x)f{x)TZf{x), for a.e. x G R^ and 1-Fe(a;)| < G{x), where G{x) = 
\(f){x)f{x)\f{x) satisfies 

l|G(a;)||ii(KJV) < ||/(a:)||ip(Riv)||(/>(a;)/(x)||i,(Kiv) 

< Cp\\f{x)\\Lp(^N)\\(t){x)f{x)\\L,(^N) < +00. 
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where - + - ~ 1, p > 1. 

p q ' ^ 

Using the Lebesgue Dominated Convergence Theorem, we have 
^ix)f{x)n{f)dx = hm / f{xmx)%ix)dx 

>-0 . TON 



= C^hm / f{x)cp{x) [ f %^f, dydx. (1.16) 

Note that 

!/(.)!( / i(^-^)/(;y(^)i d.)d, 

jRiv Jrn e+\x- yY" 

< 2mx)f{x)h4{^+\x\^)-'h. I \f[y)\dy 

= C'||/(y)||Li(MiV)||(/)(x)/(a;)||i,(Rjv) < oo, 
for each fixed e > since / e L^{M.'^), (f>f e ^^(R^) by our assumption, and C = 2||(e + 
1^1''^)"^ IIlp(R") < 0° fo'" -P > l(p ^ g ^ -'^)' Thus Fubini's Theorem imphes that 

Cat / f{x)<p{x) I Y- — ^\^nIi '^y'^^ 

= Cm I I f{x)4,{x)^^^^y]l^dydx, (1.17) 

for each fixed e > 0. Furthermore, by renaming the variables in the integration, we can rewrite 
1/2 of the integral on the right hand side of (|1.17p as follows: 

,|an — y|>e 1-^ y| 
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'^N f f r, \r, -.{x -y)(l>{y) 
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R" ,\x-y\>e 



which implies that 



{x-y)4>{x) 



Cn / / f{x)f{y)- -j^dydx 

(^N f f {x-y)[(t>(x) -(l){y)] ^ , . 

2 Jr« jRiv_|a.„j,|>e \x-y\"+^ 
Since / e iS^R^) and (j){x) is continuous on M^, it is obvious that 

/W/(y) ^^"|^^'^%,'^^^^U L^(i^^^). 
F - 2/1 

Using the Lebesgue Dominated Convergence Theorem, we have 

%lnn/ / /(^)/(2/) ^""|^^'^^V^'^^ '^-^^ 

= % / / /(x)/(y) (^-|^^['^(V^^^^ d.d,. (1.19) 

Proposition [rH now follows from (ILT^ - ([LTO)) . □ 

The rest of this article is organized as follows. In section 2, we prove the local existence and 
uniqueness of smooth non-negative solutions or the strong solution to the system p.ip with or 
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without the dissipation term. Section 3 is devoted to the global existence and uniqueness of 
smooth or strong solutions for the sub-critical and critical cases. In section 4, we prove the 
global existence of weak solution and give one Leray-Prodi-Serrin condition on uniqueness of 
the strong solution for the sub-critical case. An example that the non-positive solution to the 
system (|l.ip with i/ = can not be global in time is also given. Finally, we establish the decay 
rate of the smooth solution to the system in the sub-critical case as t cxd in section 5. 



§2 Local existence: proofs of Theorems 11.11 and 11.31 



In this section, we give proofs of Theorems 11.11 and 11.31 

The proof of Theorem 11.11 For a = 2 and i/ > 0, the existence and uniqueness of local 
smooth solution is standard. We will prove our results for the case < a < 2 and > by 
using the regularization method. We consider the regularization system as follows: 

dtO" ^u" ■ Ve" +6'divu' = -iyA"9' + eAe\x G M^,i > 0, (2.1) 

= TZe'^divu" = divTie" = Ar,a; G M^,t > 0, (2.2) 

6''(a;,t) = 6'o(a;),a; e M^, (2.3) 
which, using the semigroup theory, can be re-written into the equivalent integral form: 

e'{x, t) = e^^^Ooix) + [ e^(*-^)'^(-u" • V6I^ - d^divu' - vK^O^x, T)dT, xeR^,t>0. (2.4) 
Jo 

Notice that the singular integral operator A", < a < 2, is of the order a,0 < a < 2, and, 
hence, the system p.ip - (|2.3|) is a parabolic one of the order 2 with nonlocal singular integrals, 
which are an operators from iJ" to H'' for any s > 0. Thus, it is easy to prove, by the standard 
parabolic theory and using the fact that < CP^Wh", |iA6''||/fs < C||6''||//=+i , that, for 

any e > 0, there exists T'^ > such that the system (|2.ip - (|2.3|) has a unique smooth solution 
6 e C(0,T^i/^(R^))nC'i(0,T';i/''-2(iaW))^ Moreover, using the fact that, if 0ixo,to) = 
min^eM" t>o 6*^(2;, i), then 

A"r(.o,^o) = C.P.V. I '-^^f^^^^^dy < 0, 
it is easy to prove that, if 6'o(a;) > in R^, then 6*' > in x [0, T'). 

In the following we want to prove that, if 60 G if''(R^), s > satisfying 6*0 > 0, then there 
exist a time Tq — Tq{6o) > and a positive constant M, independent of e such that, for all 
e > 0, the solution 9" of the system satisfies 9" > and 

sup ||^^(x,i)||//=(R«)+ sup \\dte'{x,t)\\H^^2(^^N)+ [ ° \\9%x,t)\\ +^ dt<M. (2.5) 

0<t<To 0<t<To Jo n {M. ) 
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Multiplying the equation (12.11) by A^*6'' and integrating by parts, we obtain 

= - [ A'iu" -ve" + e'divu'') ■ A^e^dx 

= - / A'{u' ■\7e')A'9'dx- [ A' {9' AO") A' 6' dx 

^ h+h. (2.6) 
For the first term /i, we have 

h = - [ A'{u' ■V9')A''e'dx 

JR" 

= - / u" ■VA'9'A''9''dx- ( [A'{u'' ■V9')~u' ■ A'{V9')]A'9''dx 

JwL" JR" 

= _ /" u'-S/^^^^^p^dx- [ [A%u' -S/ 9')- u'' -A'iS/ 9')] A' 9''dx 

JR« 2 JjjN 

= /" A9'^-^^-pi^dx- [ [A'{u' ■'^9')-u' ■A'{\79')]A''9'dx 

/ lA^rpdx + \\A'{u' ■ ^9") ~ u" ■ A''(V6i')||L2||A''r 11^2 

JR« 



< \\\m\L 

< h^9'\\L^ I \A'9'fdx + C{\\Vu^L^\\A'-'V9'\\L2 + \\V9'\\L^\\A'u^L-)\\A'0'\\L2 



2' 



< C\\A9'\\hs-. [ \A^9'\^dx + Ci\\\7u^H^-4A^-'\79'\\L. + \\V9'\\H^-i\\A^u^\L2)\\A'9'\\L2 

JR« 

< C||A^6i^||i2 / |A'^6i^|2da; + C||A''6'^||i2||A''6'^||i2||A"6i^|U2 < C||A^6'<^||3,. (2.7) 

Jr" 

Here C is a positive constant independent of e, and we have used the fact that ||V/||i/s < 
C||A/||h=, \\u'\\h' < CP^Wh' for = 119' and the inequality (|LTT]1 . 

For the second term I2, using the fact that 9'^ > 0, the pointwise estimate (|1.13p with (3 = 
for the operator A and the inequality (|l.lip . we have 

/ 9'A{A''9')A'9'dx- [ [A''{9'A9')-9'A'{A9')]A'9'dx 

JR" Jr« 



I2 = - 



< „/ 0^A^A^dx + Ci\\A9^L^ + \\V9'\\L^)\\A'9'\\'i, 



I sne\\2 
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A^'IA^rpdx + CdlA^'lUoo + |lV0^|Uoo)||A^0^||i. 

R« 



< Ci\\A9'h^ + \\V9'h^)\\A^9m. 

snt ||3 



< CWO'Wl.. (2.8) 
Combining ([2^ with (|2J| and (|2^ . one have 



^|l|A^^1li^+H|A^+^^^lli^+^l|A^+^0'|li2<C||A^0'||i., (2.9) 
which claims that there exist a time Tq > and a constant M{T) > 0, independent of e, such 
that supo<t<To l|A''6l^(-,t)||L2 + \\A'+'i9''{-,t)\\l2dt < M(Tq). Then, by the equations 
and (|2.2p . the uniform estimate for 9^6''^ with respect to e can be obtained easily. 
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Now combining the above estimates with the compactness argument, letting e — > 0, we 
obtain the desired results on the local smooth solutions to the system ()1.1|) . Moreover, it 



follows from ()2.9|) that, if < T < oo, T is the maximal existence time of the solution to the 
system then /J" \\0{-,t)\\H^dt = oo or /o^(||A6I||l- + ||V6'||loo + \\Vu\\L--)dt = oo. 

Next we give the proof of uniqueness. Let T > be the maximal existence time of the 
solution to the system (|1.1|) . and assume that 61,62 G C([0, T*]; i/*), T* < T, are two solutions 
to (|1.1|) with velocities ui = TZ6i and U2 = TZ6 — 2, respectively, and the same initial data 
6*0 G H'^ . Denote 6 = 61 — 62 and u = ui — U2, then we have 

dt6 + u- V6i +U2-V6 + 6divui + 62divu = -vK°'6. (2.10) 
Multiplying both hand side of the equation (|2.10p by 0, we have 

I u-V6i6dx+ I U2-Vd6dx+ [ 6Adiddx+ [ 62A66dx = - [ vK°'66dx. 

2 dt JrJV JjjN JrN JjjN J^N 

(2.11) 

We can calculate 

i^lWll.+H|At«lll. 

< - I u- V6i6dx - - / U2- V|6ipdx - / 66A6idx [ 62A6^dx 

< C(||V^?i|U^||0||i. + Wu2\\l-\\6\\1. + \\A6,U^^\\6\\l, + \\\A62\\l-\\6\\1.) 

< Ci\\d,\\Hs + \\u2\\H^ + \MH^ + \\62\\Hm\l^ 

< C{\\6,\\h^ + \\62\\h^^)\\6\\1.. (2.12) 
Here we use s > + 1 ^'^d 62 > 0. Applying the Gronwall's inequality to the inequality (|2.12p 
and using the fact that || 6*1(0 II ff= ||6'2(t)||ff3 is bounded for t G [0,T*], we can obtain the 
desired uniqueness result. 

Proof of Theorem 11.31 We will prove Theorem 11.31 by using the fixed point principle by 
constructing contraction mapping. 

We re-write the system (jl.ip into the equivalent integral system 

6{x, t) = Ga{t)6o{x) - I Ga{t - T)div{u6){T)dT, (2.13) 
Jo 

where Ga{t) is given by the Fourier transform Gait) — e^^'^' *, and satisfies the following 
boundedness 



Lemma 2.1 Assume 1 < p < q < 00. Then, for any t > 0, the operators Ga{t) and VGa{t) 

are bounded from to L'^ . Furthermore, we have, for any f G , that 

\\Ga{t)f\\L.<Ct~i^-.--.~>\\f\\L,, (2.14) 

||VG„(i)/|U, < Gt-^-^^T,--.^\\f\\L., (2.15) 

where C is a constant depending only on a,p and q. 

Further, assume that u and 6 are in Li{[0,T];LP{R^)), then the operator A{u, 6) = J^VG^it- 

T){u6)dT is bounded m L'>{[0,T]; LP{R^)) with 

ll^l"": ^)IIl9([0,T];Lp(R")) < C'||u||i,([o_T];LP(R")) ' II ^ II L<! ( [0,T] :LP(R" )) ) (2-16) 
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where C is a constant depending only on a,p and q. 



For I ^ 0, define the space X = {6 e L«([0,T];LP) : \\9\\x < M < oo} with the norm 
II ■ \\x = II • ||l9([o,t];Lp)j and define the mapping F mapping E X to F{9) by 

F{9){x,t) ^ Ga{t)9o{x) ^ [ Ga{t - T)div{ue){T)dT (2.17) 

Jo 

with the velocity u = TZ9. In the following, we will prove that 

(i) If 61 G X, then F{9) G X; 

(ii) For any 9,9 eX, then \\F{9) - F{9)\\x < ^\\9 - 9\\x for some T > O. 

In fact, by using (|2.14p in Lemma |2.1[ we can easily conclude that F{0) — Ga{t)9o is 
bounded in L«([0, T]; Lp(R^)), i.e., 

Li{[0,T]-LP) — [ \\G^{t)9o\\l,dt\-^ 







T 
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< [/ \m\i.dt]-^ 







Jo 



< CTi ll^olU- (2.18) 
Now we choose M = 3CT'i \\9o\\lp sufficiently small by using a > 1 and letting T sufhciently 
smah, and hence we have ||F(0) ||l9([o,t];Lp) = \\Ga{t)9o\\Li{[o,T];Lp} < ^• 

Let 9 and 9 be any two elements of X, where u and u be the velocities corresponding to 9 
and 9, respectively. Then, using ()2.16p in Lemma [231 we have 

\\F{9) ^ F{9)U,ao.T];L.) 

= \\f VG{t-T){u9){T)dT- [ VG{t - T){u9){T)dTU,([^,T];LP) 

Jo Jo 

= ll^("7^) - ^("7^) IU?([0, T];LP) 

= \\A{u - u,9) + A{u,9 - 9)\\m[o,T]-M) 

< \\A{U - U, 6')||l<!([0,T];Lp) + ||^(W, S - 6')||l<!([0,T];Lp) 

< G\\u - m||l9([0,T];Lp)II^'IIl9([0,T];Lp) + C'I|w||l'J([0, T];LP) 11^ " ^ II L<! ( [0,T] :LP) • (2-19) 

Because u and u are Riesz transforms of 9 and 9, respectively, the classical Calderon-Zygmund 
singular integral estimates imply that 

II'^I|l9([0,T];Lp) < C\\9\\Lq^[o,T];LP), (2.20) 

and 

II'"IIl9([0,T];Lp) < C||^IIl9([0,T];Lp)- (2-21) 

Substituting inequalities (|2.20p and (|2.2ip into (|2.19p . we get 

\\F{9) - -F(^)||l<!([o,T];Lp) < C'(II^IIl9([0,T]:Lp) + II^IIl<!([0,T];Lp))II^ - ^IIl<!([0,T];Lp) 

< GM\\9~9\\L.ao,T]:Lp)- (2.22) 
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Hence, using (j2.22p and letting M to be small enough, we have 

\\F{e)\\L.[[o,nL^) = ||F(0)-F(O)+F(O)|U,([o,T];Lp) 

< 



< 



\\F{e) - F(0)|U,([o,T];LP) + ||-F(0)||l,([O,T];Lp) 

M 

CM||0||i,([O,T];LP) + -IT 



3 

< M 

and 

\\F{9) - F{6)\\l,^[0,T];Lp) < -^iP ^ (^\\li{[0,T]:Lp)- 

By the contracting mapping principle, there exists a unique function 9 £ X such that F(6) = 9 
and, hence, there exists a time T > such that the system has a solution G i^([0, T]; L^). 

For / > 0, define the space X = {6* e ^'([O, T]; : ||6'||x < A/ < oo} with the norm 

II ' 11^ = II ' IIl'([o,t];VV".p)- Similar to the proof of the case Z = 0, we can obtain the local existence 
of the smooth solution to the system (|l.ip . 

This ends the proof of Theorem 11.31 



§3 Global existence of strong and smooth solution: proofs of 

Theorems 11.41 and 11.51 

In this section, we will prove the global existence of strong or smooth solution to the system 
(jl.ip for the sub-critical and critical cases 1 < a < 2 by the careful energy methods. 

Proof of Theorem 11.41 If we assume that s > ^ + 1, then the local existence can be 
guaranteed by Theorem ll.il For general s > 0, we can prove the local existence of the strong or 
smooth solution by the fixed point theory as in the proof of Theorem 11.31 To prove the global 
existence, it suffices to establish the a priori estimates globally in time. This is divided into the 
following three steps. 

Step 1: LP-estimate and Maximum principle 

When a = 2, the result is obvious. We only need consider the case 1 < a < 2. 

We notice the fact that, if 6*0(2;) > 0, then 9{x, > in = x (0, T]). 

Multiplying both sides of equation (|l.ll) i by 9P{x,t) and integrating the resulting equation 



, one get 



1 d 
Tidi 



9P+^dx = / ~div{R{9)9)9Pdx - / {^A)'i9-9Pdx 



[ R{9)9 ■ p9P-^S/9dx -V ( A"6i • 6"'dx 
/ R{9)V9'P+^dx~v [ 9PK°'9dx 



P+l 
P 



P+l Jr« Jr« 



9P+^A9dx - V \ 9PA°'9dx < 
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with the aid of (|1.14p in Lemma [1.1 21 Hence, we have 

/ 0P+\x)dx< f 0P+\x)dx, Vp>l, 

i.e., 

II^^IU- < II^oIIlp. 

In particular, if we take p — > oo, we get 

II^IIl- < II^oIIl-. 

Step 2 : A priori estimate in iJ" for the case s ~ 2 

Multiplying both sides of equation (jl.ip i by A*f? and taking the inner product with the 
resulting equation in L^, we have 

-^\\A^e\\l2 = - [ A^+^eA^-'idiv{u0)dx -iy\\A'^+'ie\\l2 
2 dt Jt^n 

< \\A'+^e\\L2\\A^+'-^{u9)U^-,,\\A^+^9\\h, (3.1) 

where we have used the Holder inequality and the calculus inequality \\A'^^^div{ud)\\L2 < 

||A2+i-f(w0)|U.. 

Using the inequalities for the Caldcron-Zygmund type singular integrals on u = TZ9, we have 
Mlp <C\\e\\LP, \\A^-^u\\l. <C\\A^-^e\\L., l<p,q<+oo. (3.2) 
By using (|1.10p in Lemma 11.91 and p.2p , we have 

\\A'+'-^iue)\\L2 < C{\\u\\l4A'-'^9\\l. + \\0\\lp\\A'-'^u\\l.) 

< c(||^||Lp||A3-f + \\e\\L4^^-^e\\L,) 

< c\\e\\Lp\\A^~^e\\L., (3.3) 

where ^ + | = ^,P,q> 2. 



Putting p.3p into p.ip . we have 
Using the Lemma ll.lOi we have 

||A3-t0||i, < C||A3-f (3.5) 

where ^ = 5 - ^. 

Now we take 6 = > ^^^y > 2(1 < a < 2), and therefore 1 + S < a. Then apply the 
fractional type Gagliardo-Nirenberg inequality 

\\A'-^+'eh^ < ||A2+t0||2.||A20||ir (3.6) 
with the parameter a — ^"'^'^^'^ < 1. 

Putting p.4p . p.Sp and p.6p together, and using the Young's inequality, we obtain 

^|l|A'e|li. < c\\eh4A'+n\\it'\\A'e\\l-2^-:.\\A'+n\\l2 
< c\\0\\J^\\A^e\\l2^'^\\A'+n\\h. 

which, together with estimate of 9 in Step 1, gives 

~\\A'0\\h<C{:^,\\Oo\\L.)\\AWL2, 
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which gives 

WeU^it) < IIA^IU.e^*. (3.7) 
Step 3: A priori estimate in for the case s > 

Multiplying both sides of equation (ll.ip i by and taking the inner product with the 

resulting equation in L^, we have 

^T-IIA'^'lli^ = - / A'+'^eA'-'^div{ue)dx-i'\\A'+'i9\\l2 
2 at Jrn 

< ||A^+t0|U.||A^+i-fM)|U.-H|A^+t^^||2,, (3.8) 

where we have used the Holder inequality and the calculus inequality WA'^^^ div{u6)\\ 1^2 < 
||A-+i-f(u0)||i2. 

Using the inequalities for the Calderon-Zygmund type singular integrals TZ 

\\u\\lp <c\\e\\L., \\A'+^'^u\\l. < c\\A'+''^0\\l.,i< p,q < ^ 

and Lemma 11.91 we have 

\\A'+'-^{ue)\\L2 < C(||u|Up||A^+i-t0||^, + ||0|Up||A^+i-^i.||i,) 

< c(||0||Lp||A^+i-t0||L, + \\9\\LPW+^-^e\\L.) 

< cm\L.W^'~^eu.), (3.9) 

where ^ + | = ^,P,q > 2. 

Putting (1331) into dS^), we have 

Using the Lemma [1.101 we have 



^|||A^e||i. < C||0|U.||A^+t0|U.||A^+i-t0|U, - iy\\A^+n\\l2. (3.10) 



\\A'+^-^e\\L, < C|lA^+i-^+^0I|i2, (3.11) 

where ^ = | - ^. 

Now we take S = > -^^^ > 2(1 < a < 2), and therefore 1 + 6 < a. Then apply the 
fractional type Gagliardo-Nirenberg inequality 

||^s+i-f+5g,||^^ < ||A'^+^0||22||A'*6'||^2'' (3.12) 
with the parameter a = '^^"^'^^ < 1. 

Putting p.lOp . p. lip and p.l2p together, and using the Young's inequality, we obtain 

^|l|A^^lli. < c\\eh4A^+n\\it'\\A^0\\l-2''-^\\A^+^e\\l2 

< C||0||Ir||A^0||i.-^||A^+t0||i., 
which, together with estimate on 9 in Step 1, gives 

which gives 

\\A'0\\L-^it) < ||A%|U.e«. (3.13) 

Using the a priori estimates p.7p . p.l3p and the standard extension argument we can 
conclude the global existence result. The proof of Theorem ll.4l is complete. 

Proof of Theorem 11.51 The proof is analogous to the critial dissipative quasi-geostrophic 



^|||A^0|li. <C(^,||eo||L.)||A^^||i., 
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equation that is shown in [5^. We give two key points of the proof. First, we have 

02, 



r I \k^ex\^dxdt + 2 [ 
Jti Jm" Jti 



i{t2,x)dx + 2 / / \A^ex\ dxdt + 2 / / div{u9x)0\dxdt 



< / 0i{ti,x)dx,O <ti <t2. (3.14) 

Next, we only need to show the term J^^ J-^^ div{u9\)9\dxdt is positive. In fact, by the direct 
calculation, we have 

/ / div{uex)9xdxdt =11 divu ■ 9\dxdt + I / u-V9x-9xdxdt 
Jti JR" Jti Jr" Jti ./r" 

t2 r i't2 n I^Ap 

divu ■ 9xdxdt — / / divu ■ — — dxdt 



1 



ti JR" Jti 



2 

A6Ia • 9ldxdt > 0. (3.15) 



Here we have used the relationship u = TZ9 and divu = divTZ9 = A9. Combining p.l4p and 
p.lSp . we obtain (|1.5p . Then utihze the same strategy as [5j[6] to finish the proof of Theorem 
[T31 



§4 Global existence of the weak solution: proofs of Theorems 11.61 

and[II7] 



In this section, we will prove Theorems 1 1 . 61 and 1 1 . 71 bv employing the vanishing viscosity method 
used in [Mj |9]. We consider the general case < a < 2. 

Definition 4.1. A solution 9{x,t) is called the weak solution to system (11.11) . if for any 
smooth function (p £ C'o°([0, t] x M^), it satisfies 

9{x,t)(l){x,t)dx ~ [ 9o{x)(t){x,0)dx+ [ [ [-9{x,t)df(t){x,t) 
Jr« Jo Jr" 

-u9 ■ V(/)(a;, t) + v9{x, t)A"(j){x, t)]dxdt = 0, 
where the velocity u = TZ9. 

Let £ > be a small parameter and we will approximate problem (|1.1|) by considering the 
regularized system of (jl.ip with a small viscosity term 

^ + div{ue9^) + vK'^9e = eA^^, 

u, = n9,, (4.1) 
9,[x,Q)=9l. 

for < £ < 1, 6*0 = * ^0, ^e{x) = £"^"0(1) and satisfying 

^>0, VeCo°°(R^) and ||7/>||ii = 1. 
For any fixed £ > 0, by the standard parabolic theory, as in the proof of Theorem 1 1.1[ we can 
prove the following global existence results on the smooth solution to the regularized system 
(SH. 



Proposition 4.1 For any £ > and for any r > 0, there exists a unique solution 9^ of 
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satisfying 9, e C([0,t]; H%MJ^)){s > f + 1). Moreover, if > 0, then e^{x,t) > . 

We want to establish the a priori estimates for 9^ with respect to e, and then to perform the 
hmit hm£_i.o 9^ ^ 9 in the sense of weak convergence, and to verify that the hmit function 9 is 
a weak solution of the system in the sense of Definition 4.1. 
We multiply both sides of equations (|4.ip i by 9^ to get 

~\m\h+i^\\A^9,\\l.+s\\\79,\\l.< [ n0e)0e-V9,dx = -l [ 0?A0, < 0, (4.2) 

where we have used (|1.14l) in Lemma [1.1 21 and 9 >0. 
Then we integrate (|4.2I) in time to get 




In particular, we obtain 

9, e C{[0,t];L^R^)), sup ||0e||L^(K«) < ||0o||l2(r«), and max \\9,{t)\\h < IMh- 

0<t<T 0<t<T 

(4.4) 

Using ~ TV^ and boundedness of the Riesz transform, one get 

||We||L2(RiV) < C||0e||L2(RN) < C||6'o || L2(rjv) . (4.5) 

Next we pass to the limit e in (|4.1I) by using the Aubin-Lions compactness lemma. 

First of all, by the previous a priori estimate as in (|4.4p . we obtain 0^ e C([0, r]; L^(R^)) 
and 

max{||6'e(i)I|L2 : < t < r} < < oo. (4.6) 

Secondly, we want to prove that, for any (p G C^{TZ^), {4>9i;} is uniformly Lipschitz in the 
interval of time [0, r] with respect to the space H~p with p > + 2, i.e. 

U0eit2)-^9eiti)\\H-p <C\t2-til 0<tiM<r (4.7) 
for some positive constant C > 0. 

Because 9^ is a strong solution of (|4.1I) and is continuous, it follows that 

U9,{t2) - 00e(<i)||H-p - II / ' cj,^9,dt\\H-. < max {M(t)}(t2 - ii), (4.8) 

Jti at ti<t<t2 

where 

M{t) = \\div{m9e)0e)\\H-p + \\V^n{9MH-. + iyUA'-9,\\H-. + sUA9,\\h-p- 
Using the Sobolev's imbedding theorem and using (14.41) and (??), we have 
\\WcPTZi9,)94H-. < C{p)\\V^Ml^ 

< c{p)\\V(t,h-\\n{9Mi^i 

< C{p, mOoWh. (4.9) 

Similarly, we have 

\\dlv{{cj,'Jl{9,)9MH-. < UnSe)0e\\m-P 

< cicj,,p)mi. 

< C{c^,p)\\9o\\h. (4.10) 
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Applying the convolution property of the Fourier transforms, we have 

1/ ^M~yrO,i^-y)dy\ < c[ + \yrmym{^ - y)\dy 

which gives 

(i + mp 

< C{p,<P)pe\\L^ <C{p,mOo\\L-- (4.11) 

Similarly, we obtain 

UA9,\\h-p <CXp,cj,)\\eo\\L-. (4.12) 
Putting dllHI) together with (|I3t- (|il^ . we obtain dH?]). 

From (I4.6p - (|4.7p . conditions (i) and (ii) of the Aubin-Lions lemma are satisfied. Therefore, 
there exists a subsequence and a function 6 e C([0, r]; L^(R^)) such that 

e,^e in l2(M^) a.e. t and max \\(t>e,{t) - <j)e{t)\\H-P 0. (4.13) 

0<t<T 

We take the limit in the weak formulation of the problem (|4.ip 



ee{x,T)(j)dx - ee{x,0)(j){x,0)dx + / [~0e{x,t)dt(l)ix,t) -UeO. ■V(t){x,t) 

+i^eeix, t)A"(/)(x, t) - £6'e(a;, t)A(l){x, t)]dxdt = 0, 
and let £ ^> 0, we get 



< 



e{x,T)(j){x,t)dx - I eQ{x,t)(t){x,0) + / [e{x,t)dt<j){x,t) + ue{x,t)A"(t){x,t)]dxdt 

JR« Jo JR" 

+ lim /" /" e^u^V(l){x,t)dxdt ^0, (4.14) 
"^-^0 Jo Jr« 

Now we rewrite the last term in the left hand side of (|4.14p as follows: 

0eU^ ■ \I(j){x,t)dxdt 

[ [ i^e- 6)ue ■ V<pdxdt + [ [ 0u,- V<i)dxdt 

Jo JR" Jo JR" 

= h+h- (4.15) 
The first term Ii can be estimated by 

\h\ = \ I f {9e - 9)ue ■V(pdxdt\ 

Jo JR« 

\\u4^^m-e)\/^^-^dt 

< max 11(0,- 0)V(/.||^-^ / i\\u,\\L2 + WA'i u,\\L2)dt 

< C{t)\\0o\\l^ max^ m - 0) ■ V0||^-^ ^ 0, (4.16) 
where we have used the fact (|4.3I) and (14.13^ . 

Then, by gH]), and we have 

lim / / u^0^ ■ V(f>dxdt — / u0 ■ V(f>dxdt, 

e^OjO JR" Jo JR" 



< 
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which, together with (I4.14p . completes the proof of Theorem 11.51 

Proof of Theorem 1 1 . 7l Let 9i and 62 be two sokitions to the system (jl.ip with the velocities 
ui and M2, respectively. The difference 9 ^ 61 — 62 satisfies 

dtO + div{ui9) + div{u62) + v^°'e = 0, (4.17) 
where u = ui — U2- Clearly, 9{x, 0) = 0. 



.\\K-h\\l,+v\\K-^K'^)e\\l,<\ {u^6)-{y{K'H))dx\ + \ (u^?2)-(V(A-i0))dxl. (4.18) 



Now multiply both sides of ()4.17p by A ^9 and integrate by parts, one get 

d_ 

di' 

By the Holder inequality, we have 

{u,9) ■ {\7iA-^9))dx\ < ||iii|lL.||^?||Lp||V(A-i0)||LP 

r 

< \\0i\\ML4^{f^-'0)\\L., (4.19) 

and 

{u92)-{V{A-'9))dx\ < \\u\\l402\\l4^{A-'0)\\lp 

J 

< \\02\\L40\\Lp\\ViA-'9)\\LP, (4.20) 

where ^ + - = 1. 

q p 

Thanks to the fact V(A^) = (^, 7?2, • • • , 7?^), we get from (pi^ and that 

{ui9) ■ {ViA-'9))dx\ + I / {u92) ■ {ViA-^9))dx\ < C{\\94l. + ||e2||L,)ll^llL, (4-21) 
Using (|1.12l) in Lemma Fl-lOi one get 

II^IIl. < C\\A^9\\l2 = C\\A^+HA-h)\\L2 < ||A-^0||J^.||Af (A-^0)||[r. (4.22) 
In the last inequality, we have used fractional type Gagliardo-Nirenberg inequality with — 

1 or 

Substituting (|42T|) and (|422)) into (|4T8)) . we conclude 
|||A-^0||i. + H|A-^(At)0||i. 

< c{\\94l. + \\94L.4^-h\\mA^{A-h)\\l{'-'^ 

< ^(ll^ilU. + \\e2\\L.)^\\A-h\\l. + ^||Af (A-^0)iii., 

i.e., 

|||A-^0||i. < ^(ll^ilU, + \\92\\L.)^\\A-h\\h. (4.23) 
The Gronwall inequality implies that 9 = and we complete the proof. 



Remark 4.2 Furthermore, when v = 0. i/ a compactly supported initial condition 9q < 0^ ^ 
has a sufficiently big integral M = — J 9odx, then the non-positive solution to the Cauchy 
problem can not be global in a time. This can be proven by borrowing the idea used in J^. 
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In fact, let 6 = —9 and \x\'^Q{x,t)dx = w{t), then we have 
d 



-wit) = / \x\^v ■ ine{x,t)e{x,t))dx 

at Jjjjv 

2x(n{e)e){x,t)dx 



r f f {x^y)-{x-y)Q{x,t)Q{y,t) ^ 
= -Cat / / ■ -j;^ dxdy. 

, -Cj I ME^..... ,4.24) 

Jr« J r« \x-yr 

where we have used the property (jl.isp of the Riesz transform. 

Let M = -/kn dodx = J^^ Odx,JN = J^n \x - y\~^^~^^Q{x,t)Q{y,t)dxdy, then we 
have 

= I I e{x,t)e{y,t)dxdy 

Af-l 2(Af-l) 2 2(iV-l) 

{Q{x,t)Q{y,t)) r^+^lx - y\ "+i {<d{x,t)Q{y,t)) '■^+^\x - y\ "+i dxdy 
Q{x,t)e{y,t)\x-y\^dxdy)^{ I [ Q{x,t)(d{y,t)\x - y\-'^^^^^dxdy)T^^ 

JR« JB" 

e(x, t)e(y, t)(|a;|2 -x-y-yx+ \y\^)dxdy)'^^ jf^' 
= (2Mw-2| / xQ{x,t)dxf)^^ jf^' 

N-l — ^ — 

< (2Mw) — J^+\ 
which imphes 

Af-l N + 3 N-1 

2 —M—w ~ < Jn, (4.25) 



Combing the above inequahties (j4.24p and (|4.25l) . we know 

dw „ W-l W + 3 W-l 

— < -Ca,2 — —M—w — —, (4.26) 
If we assume the right-hand side of the inequahty (I4.26P is strictly negative for t = 0, then it 
is always strictly negative for some finite t > Q. Hence w{t) will be negative for some finite t, 
which is a contradiction with w{t) > 0. This completes the proof of Remark [ 



§5 Asymptotic behavior: The proof of Theorem 11.81 

In this section, we prove Theorem 11.81 by using Fourier splitting method, which was used first 
by Schonbek [24l [25] and then used in [13l [33] to obtain decay rate in the context of the usual 
quasi-geostrophic equations. It should be pointed out that the present proofs could be extended 
to the system for the case a G (0,2] provided there were on a priori bound of the derivatives 
of the solutions in the space L^. For the global weak solution, the similar decay rate estimate 
can be also obtained by using the retarded mollification technique used in [5] [TS] [24] . 

Proof of the Theorem 11.81 We will establish the decay estimate by employing the Fourier 
splitting method. 
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First we claim that 6 satisfies the following a priori estimate 

m,t)\<mL^ + \S,\ f\\9{r)\\hdT. (5.1) 

Jo 

In fact, we have from (|l.ip 

dt0 + iy\^\^"e ^ -dlMu9), (5.2) 
and we estimate the right-hand side of (|5.2p as follows 

\-dw^e)\ \^^e\ - \^\\^\ - m^hmiL^- < momh- (5.3) 

After integrating (j5.2p and using ()5.3p . we obtain (jS.ip . 



Now we want to obtain the decay estimate ||0(t)||L2. Multiplying both sides of (jl.ip by 9{t) 
and integrating in M^, one get 

~[ \e\^dx + iy [ lA'^ei^dx^-f div{ue)edx ^ I e^A0dx<O, (5.4) 

which gives, by the Plancherel's theorem, that 

II^IIl^ < II^oIIl^, (5.5) 

/ \e\'^di + 2v I \^\°'\§\'^d(^~- [ div{u9)ed^ <0. (5.6) 

dt Jrn Jrjv Jrn 

Let introduce B{t) = {C e M^; |C| < M{t)} with M(t) > to be determined appropriately 
below and B{ty is the complement of B{t). By (|5.5p . we can estimate the second term in the 
left hand side of (ISj 



/ \i\°'\9fd^> [ \i\"\e\^di>M"{t) I \efd^^M°'{t) [ \9fd^~M°'{t) [ \§fd^, 

JR" JBity J Bit)" Jm JBit) 

(5.7) 

Combining (|5.6p and (|5.7p . using (|5.ip and (|5.5p . we get 

^ / |^|2dC + 2M"(i)!^ / \0\^d^ 

dt Jkn Jrjv 

.M(t) .4 

< CM"(i) / (||0o||Li+r / ||(?(r)||2,dr)>-idr 

fM(t) ft 

< CM"(i) / {\\9o\\h+rh \\9{T)\\t,dT)r''-^dr. (5.8) 

Jo Jo 

Integrating (|5.8p . we get 



< Il^olli.+C/ e2''/o^^°M'^^(||0o|liiAf^+"(.s) 
Jo 

+sM^+2+"(s) r ||0(T)||4,dT)ds. (5.9) 
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Now we take M"(i) = 2BJt+i) thus e^" fo M'^{r)dr = {i^t)^. From and ([53]), we get 



< ll^olli. + c f \\e,\\U^)'^{i + s)-'^+Us 

Jo ^P^ 

+C r(^)^(l + .)-^-^-ds||.o||i.. (5.10) 
Jo ^P^ 

Since N > 2 and 1 < a < 2, we take 4 = jv+2-2a _ ^ j-^^, some small e > 0, and hence 
1 _ JV+2-2a < and i - ^ < 0. Thus, from (jSl^ . we obtain 

which gives the following decay rate in time 

\\9mh<cii+tr^'^-^^ (5.11) 

for some e sufficiently small. Here the constant C depends upon and norms of Bq. 

Next we obtain the decay estimate on ||6'(t)||iP,p > 2 by using the method used in [5]. 

Muhiplying both sides of pTTj) by \9{t)\P'^e{t), integrating in and applying PTT^ in 
Lemma [1.121 one get 

[ \efdx + i^- [ |At|6»|§|2da; < - / div{ue)\e\p-^edx = [ \e\PAedx<o. 



Using Gagliardo-Nirenberg inequality, we have 

d_ 
di 

with C depending on a and N. By interpolation we get 



(5.12) 

/ \e\Pdx < -2iyC{ [ \e\T^dx)^ (5.13) 



Jr" A^(p - 2) + 2a 



Putting (|5.14p into (|5.13p . we have 
Since 7 G (0, 1) and \\0{t)\\L2 < PoWl^, from (IET5)) . we obtain 
which, by integration, give 

l-72i.C||(?oir"'' 



-||0(i)I|^,+2CHI^irJ"||e|l2. <0. (5.15) 



-j0mi, + 2C,.\\eoC.-\\e\\l<o. (5.16) 



Finally, we need to estimate ||V6'||i2. 
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Multiplying both sides of (|l.ip by A^9{t) and integrating in R^, we get 

^T" / WAOWl^dx + iy [ ||At+i6i(<)f rfx = - / div{u9)A'^9dx. (5.18) 
The right-hand side of (|5.18p can be estimated by 



N 
i=l 

9 ^ 

< ^l|A^+^0||^ + ^Ell^'"^(^"»)ll2> (5-19) 

1=1 

where we have used the Plancherel and Holder inequality. 

By the fractional calculus inequality ()1.10p with r ~ 2 and Lemma [1.131 we have 
\\A'-H9uM2 < Ci\\u.\U\\A'-n\\,+ \\9\U\\A^-^u.\\,) 

< C\\9\\g\\A^-^9\\p (5.20) 
for i = 1, 2, . . . , and ^ + | = 5- By the maximum principle \\9\\li < C||6'o||l9, we have 

\\A'-'^{9u,)\\2<C{9o)\\A'-'^9\\p (5.21) 

for i = 1,2,...,A^. 

Using Lemma fl. 101 we get 

\\A^-^9\\p<C{9o)\\A'-^+'9\\2, (z = l,2,...,iV), (5.22) 
where - = h - 4t and < 5 < N. 

Combining ^JE^, (lETO]) . ^^^M . (|OT|) and ([Ell, one get 

^^l|A0|ji. + jHIA^^IIi. < Ci9o)\\A^~^+'9h.. (5.23) 



For the right-hand of (|5.23p . we have 

||A2-f+'56»(i)f 



e|4-"+2*i^(t)|2d^+ /" iei^-"+2*i^(t)pde 



4-Q+25 
JS(i)<= 

< A/4-"+2*(t)||0(t)|||2 +M2(i-"+*)(t)||At+i0(t)||i2. (5.24) 
Because a > 1, we can choose M large enough such that Af2(i-^a+5)(^) < icfe- It follows 
from ((5?24l) that 

Ci9o)\\A^-^+'9it)\\hdx < Ci9o)M^-'^+^'\\9m% + ^||Af (5.25) 
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Putting ((5?25l) into ((5?23l) . we have 



j^\\M\\l.+v\\K^+^e\\l.<C\\B{t)\\l.. (5.26) 



Moreover, we have 

JB(tY 



= M"(i)l|A0||i.-Af"(<) / 

JB(t) 

which yields to 

||At+i0||i. > M-{t)\\Ke\\l. M'^+\t)\\e{t)\\l.. (5.27) 
Combining (|5.26l) and (|5.27p . we have 

|||A0||i.+^.M"(t)||A^||i. <q|^?||i.+CM"+2(i)||0||i., VM. (5.28) 

It's obvious that we need to the obtained estimate ||6'(f)||^2. 

Putting (|5.1ip into ()5.28p and letting M{t) — M be a constant large enough such that 
M"+2 > 1, we have 

^llA^lli^ +:/M"||A(?||i2 < CAf"+2(l + t)-i. (5.29) 
Then, by multiplying e^^ ' on (j5.29l) and integrating with respect to i, we obtain 

< e-*^°*||A^o|li2 +CA/"+2 / e-*^°(*-^)(l + s)-^ds 

Jo 

< e-^^°*||A^olli2 +CAf"+2(l+i)-^, (5.30) 
where we have used the estimate 



Thanks to the fact ||V6l||i2 ^ ||A6l||i2, it follows from that 

IIV0IU2 <(l + t)-i(^^-). (5.31) 
The estimates (|5.1ip . (|5.17p and (|5.31l) give the desire decay estimates. This completes the 
proof of Theorem 11.81 
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